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ABSTRACT

For integers p, ¢, s with p >¢ >2 and s>0, let K,* (p,q) denote the set of
2-connected bipartite graphs which can be obtained from K(p,q) by deleting a set
of s edges. In this paper, we prove that for any graph G € K,* ( p,q) withp >2¢q >3

and | <5 <g - | if the number of 3-independent partitions of G is 2¢~' + 297" + 5 +
4, then G is chromatically unique. This result extends both a theorem by Dong et al.
[2]; and results in [4] and [5].

Keywords : Chromatic polynomial, Chromatically equivalence, Chromatically unique
graphs.

INTRODUCTION
All graphs considered here are simple graphs. For a graph G, let V(G), E(G), &(G),
A(G) and P(G) be the vertex set, edge set, minimum degree, maximum degree and
the chromatic polynomial of G, respectively.

Two graphs G and H are said to be chromatically equivalent (or simply % -
equivalent), symbolically G ~ H, if P(G, A) = P(H, A). The equivalence class determined
by G under ~ is denoted by [G]. A graph G is chromatically unique (or simply -
unique) if /' = G whenever H ~ G, i.e, [G] = {G} up to isomorphism. For a sets of

graphs, if [G] = ¢ for every G ¢, then ¢is said to be y —closed . For two sets &
and §, of graphs, if P(G,,A)# P(G,,A) forevery G e¢, and G, €¢,, then ¢ and

¢, are said to be chromatically disjoint, or simply +disjoint .

For integers p, g, s with p>g>2 and s 20 , let K,* (p,q) denote the set of
connected (resp. 2-connected) bipartite graphs which can be obtained from Kp,qby
deleting a set of s edges.
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For a bipartite graph G = (4, B; E) with bipartition 4 and B and edge set E, let be
G’=(A’,B’;E’) the bipartite graph induced by the edge set where

E ={xy|xy¢E,xeA,yeB} A c Aand B — B .We write G =K(p,q)-G

where p = |A| and ¢ = |B| .
In [1], Dong et al. proved the following result.

Theorem 1.1 : For integers p, g, s with p>¢>2 and0<s<gq -1, k,° (p,q) is +

closed.

Throughout this paper, we fix the following conditions for p, ¢ and s:

p2q23 and ISSSq_l

For a graph G and a positive integer £, a partition {4,,4,,....4,} of V(G) is called
a k-independent partition in G if each 4, is a non-empty independent set of G. Let
o(G, k) denote the number of k—independent partitions in G.
For any bipartite graph G = (4, B; E), define

' (G.3)=a(G,3)-(2"" +2"" -2)
In [1], the authors found the following sharp bounds for o’ (G ,3) .

Theorem 1.2: For GeK"s(p,q) with p>¢>3 and 0<s<g-1
s<a (G,3)<2" -1,
where o (G,3)=s iffA(G)=1 and & (G,3)=2" -1 iff A(G")=s .
For = 0,1,2,..., let B(p, q, s, t) denote the set of graphs G e K™’ (p,q) with

a (G,3) =s+t. Thus, K*(p,q) is partitioned into the following subsets:

B(p,q.s,0), B(pgqsl1), ..,B(pq s 2-s-1).
Assume that B(p, ¢, s, 1) = ¢ for £2° —s—1.

Lemma 1.1 : (Dong et al. [2]) For p<¢g>3 and 0<s<g-1,if
0<1<27"—g—1, then

B(p.g.5.t) = x5 (p.q).
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Dong et al. [1] have shown that if G is a 2-connected graph in

B(p,q,s,0)u B(p,q,s,2" —s —1), then G is = —unique. In [2], Dong et al. proved
that every 2-connected graph in B(p, ¢, s, t) is = —unique for 1 £ ¢< 4. In [4] and [5],
we extended this result for z = 5 and ¢ = 6, respectively. In this paper, we prove the
chromatic uniqueness of graphs in B (p, ¢, s, 7).

PRELIMINARY RESULTS AND NOTATION
For any graph G of order n, we have (see [3]):

P(G.2)=Y a(G.k) A(A-1)..(A—k+1)

Thus, we have
Lemma 2.1:1If G~ H,then oG k) =0 (H, k) fork=1, 2,....
By Theorem 1.1, the following two results were obtained in [2].

Theorem 2.1 The set B(p,q,5.1) N, (p.q) is y —closed for all 20,

Corollary 2.1 1f 0 < ¢ < 2¢' —g—1, then B (p,q,s,t) is y —closed ..

Let B.(G), or simply f3, denote the number of vertices in G with degree i, n,(G)
denote the number of i-cycles in G and P, denote the path with n vertices. Then Dong
et al. [2] established the next two results.

Lemma 2.2: For G=(A4,B;E)ex*(p.,q),

i if A(G)<2 ,then @'(G,3)=5+p,(G)+n,(G) ;

i if A(G)=3 ,then & (G,3)>s+4(G)+n,(G), where equality holds

iff [N () AN, (0)| <2 forall u,0eB’s or u,0eB’

i o (6,3)22" 4 5-1-a(G).
For two disjoint graphs /, and H, , let H,\U H, denote the graph with vertex set
V(H,)UV(H,) andedgeset E(H,)Ue(H,) . Let kH = H yr.\wi fork>

k

1 and let kH be null if £ = 0.
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Lemma 2.3: Let Gex*(p,q).If & (G,3)=s+1<s+4, then either
(i) each component of G’ is a path and f3, (G) =t ,or
(i) G =K ;U(s-3)K,

Now for convenience we define the graphs Y, Z, Z, and Z, as in Figure 1.

\ n vertices
e Y, Z

Zz ZS

Figure 1: The graphs Y ,Z,Z, and Z,

The following result is an extension of Lemma 2.3.

Lemma 2.4: Let G €& (p.q). 1t ' (G,3)=5+7, then cither
i. each component of G’ is a path and B(G’)=6 , or

ii. G=K;U3PU(s-9)K,,or
ii. G=K,;UP,UPRU(s-8)K,,or
iv. G =K ;UPU(s-8)K,,or
v. G =C,U2PU(s-8)K,,or
Vi G'=C,UP,U(s-T7)K,,°r
vii. G =CUPU(s-8)K,,or
viii,. G =Y, UP,U(s-7)K,,or
ix. G=2Y,U2PU(s=8)K,,or
x. G=Y,UPuU(s—7)K,,or

xi. G =Y,U(s—6)K,,or

xii. G=Z UBU(s—7)K,,or
xii. G =Z,U(s-6)K,,or

xiv. G =Z;U(s—6)K,
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Proof. Since @ (G,3)=s+7,A(G') =3 by Lemma 2.2(iii). If A(G')<3 by Lemma
2.2(ii), we have f,(G')=3,7,(G')=0 and B,(G')=1.

Thus G =K,,U3RU(s-9)K, or G=K,UPRURU(s-8)K, or
G =K, ,UPU(s=7)K, or G 2Y,UP,U(s-7)K, or G =¥, U2P U(s-8)K,
or G =Y,URU(s=7)K,or G =Y, U(s=6)K,or G =Z UPRU(s-7)K, or
G'=7Z,0(s-6)K, or G=ZU(s—6)K,. If A(G)=2, we have
B, (G )+n,(G)=7 by Lemma 2.2(i), and thus either G' contains no cycles or
only have one cycle. Hence, when A(G')=2 , either each component of G is a path,
and £,(G)=7, or G =K,,U2P,U(s-8)K,, G =K,, UP,U(s-7)K, and

G =C,UP, u(s —8)K2 Lemma 2.2(i).
By Lemma 2.4, we have the following result.

Theorem 2.2 : Let Ge k™’ (p,q) and &' (G,3)=s+7, then
G e{RU(s-8)K,RUR U(s-9)K,

B U2P U(s~10)K,, B, UP,UP U(s~10)K,, B, U3P, U(s~10)K,,
BUP,O(s=9)K R VR U(s=9)K;,2B U R U(s-10)K,,
P,U4P,U(s-12)K,,P,UP, U2P,U(s—11)K,,P,U2P,U(s-10)K,,
3P,UP,U(s—11)K,,2P, U3P,U(s—-12)K,,P,U5P,U(s-13)K,,
TP, U(s-14)K,,K,; W3R U(s-9)K,,K ;UP,UP,U(s-8)K,,
Ky UPU(s=7)K,,K,, 2P, U(s-8)K,,K,, UP,U(s-T7)K,,
C,UP,U(s—8)K,,Y,UP,U(s-7)K,,Y,U2P, U(s-8)K,,
Y,UPU(s=7)K,,Y;U(s—6)K,,Z, UP,U(s—7)K,,
Z,s-06)K,,Z, (s—6) K,

where H U(s—i)K, does not exist if s <i.
For a bipartite graph G = (4, B; E), let
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U(G) = {Q| Q is an independent set in G with QN A#@$,Q N B # ¢} .
For a bipartite graph G = (4, B; E), the number of 4—independent partitions
{4,4,4,4,; in G with AcAor A B foralli=1,2,341s

(24 -1)(2" —1)4%(3‘/*‘ ~3.201 +3)+%(3‘B‘ -3.2"+3)

- (2‘/“*‘ - 2)(2‘3‘*‘ —2)+%(3‘”“*1 +30 )—2
Define
a'(G,4)= a(G,4)—{(2‘” -2)(2"" -2) +%(3‘f“*1 +3°) - 2} ,
Observed that for G,H € K °(p,q) »

a(G.4)=a(H.4) iff a(G,4)=a (H,4)

The following five lemmas (see [2]) will be used to prove our main results.

Lemma 2.5 : For G = (4,B;E) e K *(p,q) with |4]=p and |B|=¢,

a (G4)= ) (2”’1’@“”“ +207Iensl _ 2) +
040(G)

{{0.0:}101,0, € 2(6),0,n 0, = 0},
Lemma 2.6 : For a bipartite graph G = (A, B;E) ,if uvwisapathin G’ with d (u) =1
and d . (v) = 2,then for any k>2,
a(G,K)=a(G+uv,k)+a(G—{u,v,w}, k—1)
For a bipartite graph G =(A4,B;E) let B(G.A)(resp..3,(G.B)) be the number of
vertices in A(resp.,B) with degree i.
Lemma 2.7: For GeB (p,q,s,t),ifeach component of G’ is a path, then

Z (211—1—‘Q0A‘ 4 2q—1—‘QmB‘ _ 2)

0eQ(G)
=s(277 4277 =2) (277 4207 =2)+ (27 -27) B, (G, 4).
Let p(G) denote the number of paths P, in G.

Lemma 2.8 : For G €B(p,q,s,t), if each component of G’ is a path, then

{{e.0.}]01.0: < 2(6).0/n0, = ¢} [S;’]—zz—am (6')-»rs(c").

144 Malaysian Journal of Mathematical Sciences



Chromatically Unique Biparte Graphs with Certain 3-Independent Partition Numbers 111

For G eB(p.q,s,t), define
a"(G,4)=a(G,4)—[s(2"’2+2"’2—2)+t(2”’3+2"’2—2)+
(s+1)(s+1-1)/2-31] (1)
Observe that for G,H €B(p,q,s,1),

a (G.4)=a (H.4) iff a(G.4)=a(H,4)

Lemma 2.9: For GeB (p,q,s,t), if each component of G’ is a path, then

o' (G.4)=(2"-272)8,(G.4)-3p, (G )~ ps (G).

MAIN RESULT
Dong et al. [1] have shown that any 2-connected graph G is

B(p,q,s,O)uB(p,q,s,Z“ -5 —1) is =unique. In [2], Dong et al. proved that every 2-

connected graph in B( p,q,s,t) is +unique for 1< ¢ < 4. In [4] and [5], we proved
this result for # =5 and ¢ = 6 respectively. In this section, we shall prove that every 2-
connected graph in B ( p,q,s,t) is ~unique for = 7.

The following theorem is our main result:
Theorem 3.1 : Let p, g and s be integers with p > ¢ >3 and 0 <5 < g — 1. For every

Ge B(p,q,s,7), if G is 2-connected, then G is +~unique.

Proof : By Theorem 2.1, B(p,q,s,t)mzc;s (p,q) is +=closed for all t > 0. Hence, to
show that every 2-connected graph in B ( Ds q,s,t)is +-unique, it suffices to show that
for every two graphs G and Hin B(p,q¢,s,t),if G® H theneither a(G,4) # a(H,4)
or a(G,5)#(H,5). Recall that a'(G.4)=ca (H,4) iff a(G,4)=a(H,4) and
a (G 4)=a (H,4) iff a(G.4)=a(H.4).

The set B(p,q.,s,7) consists of 108 graphs by Theorem 2.2, named as
G,,,G,,,G;;5 .G, (see Table 1 in [7]). This graphs are shown in this table with the
values @'(G,,,4),a'(G,,,4),..a" (G, 5,4). For each graph G, if every component of

G,, is a path, then o (G7y,.,4) can be obtained by Lemma 2.9; otherwise, we must find
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o (G,,4) by Lemma 2.5, and then we find @' (G,;,4) by using Equation (1).

< 0
—_ —_ ~0 o 7o o - 1
—A="7F TR e TR g s 8= 53 &
o~ 1 ~ kS ~ - o~ o~ o~ o~

R & Y GGG G) o O

< o - - S - S - o~ ~ ~ o~ o~ ™~ ~ ~
S ORI SR SRR HEC R IEC I I NG I NPSUGEC I )
O V. YV % v Y ¥ % v % 0F £ & d 3 £ & 2 g = 8
— NES *0 - R “a “a “ . ~ o~ o~ o~ o~ ~ ~ ~ ~ ~ o~ o~

SRR IR IR IR IR IR B B C R B BRI )

=1 — (! Lag) <+ el o o~ oo (=)}
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For non-empty sets W ,WW,,..., W, of graphs, let (.7, ,W;)=0 if a(G, 4)# a(G, 4) for

2772 0k

every two graphs G, eW, and G, e W, where i # jand let n(W, W,)=1 otherwise.

10 27 s r
The values of « ( i ) for i=5,6,7;12,13,...,17;46,47,...,53;82,83,...,108 are not given
by Lemma 2.9, but they can be obtained by Lemma 2.5 and Equation (1). For example,

we show a detailed computation of @' (G, 4) below :

i & (Ga)=[s(2 427 2)+

4(277
(2772 +297 -2 +{15 8J+65H—
{s(zp‘zuq 2o2)47(207 202 2)+(;_7)—21}

=22 -3.217 -

+2072 )+2(2qu3 +2H—2)+

Similarly, we obtain a"(G7’,-,4) for other values of i as follows (see Table 1 in [7].
ii.  a"(Gpg4)=3-277 =217 19,

iii. o (G,,.4)=2""-5-2"-19.

Q

i 4) =277 =207 18,

(
iv. a"(
v.  a(G,4)=3-2"" 21718,
vi.  a(Gy,4)=52""=3.2"-18.
vii.  a@'(G54)=2""-9-2"~18.
vili. @ )=5-2""-11.27*~18.
ix. a'(G,,;,4)=6-2""-13.27* -18.
X1. o
Xii. a )
xiii. @' (G 4.4)=5-2"4 =327 -9
)

X1v. a

XV. a
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xvi. @ 4)=6-2""-13.21" -9,

xvii. o 4)=7-2""-15.29* -9
xiix. @' (G,.4)=52""-3.2"-39.
xix. o G7,83,4) =2r71_9.277* _39,
xx.  @(Gy,4)=3-2"" =277 34,
xxi. o 4)=5.2""-11.2"* =34,
xxii.  a
xxiil. o
xxiv. o
XXV. @

XXVl. @

xxvii. o

Xxix. o
XXX. o
=324 02072 _24,

Xxxi. «

xXxxii. o S _11-2074 =24,

Q
ES
o~
S—
1]
W
[\
=
5

=627 -27"-24,

XXXill. o )

xxxiv. o 4)=3.2""-2"-22,
XXXV. o )=3 274 2972 01,
XXXVi. o
XXXVii. &
XXXViii. @'
XXXix. o =5.2"7-11.2"* -16.
XXXX. @

(
(
(
(
(
(
(
(
(
(
(
(
xxviii. @' (G, .4
(
(
(
(
(
(
(
(
(
(
(
(
(

xli. a
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xlii. a (G7,106! 4) =3.2""4 =277 12
xii. o' (Gyyp04)=5-2""=11:2 12,
xliv. @' (G .4)=6-2"" =132 —12.

Claim 1. n(T,T,T,,....T,)=0:

1272273

Proof of Claim 1. Note that if 2* (k is an integer > 1) is not a factor of x, then 2" is also
not a factor of x for any integer / > k. Similarly, if 2% (k is an integer > 1) is a factor of
x, then 2" is also a factor of x for any integer 1 <7 < k.

a. For s=6,T,,,T,, and T,, are non-empty. Observe that 2° is a factor of

o' (G,4)+39 for G e T, but 2° is not a factor of & (G,4)+39 for
GeT,,UT, . Hence, 77(T14’T15uT16)=0

b.  Fors=6,2 is a factor of &' (G,4)+34 for GeT, but 2° is not a factor of
a'(G,4)+34 for GeT, . Hence, 7(T;5,Tys)=0 .

c. Fors>7,a'(G,4)is odd if GeT, UT,UT,UT,UT,UT,UT,,UT,UT,UT,
and even if GeT,UT,UT,UT, UT,UT,,UT,,UT,,UT,uUT, UT, . Hence

(T, UT, UT, UT,UT, UT, UT,, UT,, UT,, UT, UT;UT, UT, UT,, UT, UT, UT, UT,, UTys UTy, UT,, ) =0

d. Fors>7,2%is a factor of a'(G,4)+39 for GeT,UT,UT,,UT,, but2?®is not
factor of & (G,4)+39 for GeT,UT,UT, UT,UT,UT, . Hence
(T, UT, UT,,UT,,UT,UT,UT,UT,UT,, UT,)=0.

e. For s27,2° is a factor of a'(G,4)+23 for GeT,2*is not a factor of
a (G,4)+ 23 for GeT,, and 2 is a factor of a'(G,4)+23 but 26 is not for
GeT,UT, . Hence (T, T,T,,UT,)=0.

f. For s27,2% is a factor of & (G,4)+7 for GeT,, but 2 is not a factor of
a'(G,4)+7for GeT, . Hence n(T,,T,,)=0.

g, For s27,2* is a factor of a'(G,4)+21 for GeT,2’is not a factor of
a'(G,4)+21 for GinT, UT, UT,UT,, and 2’ is a factor of & (G,4)+21
but 2* is not for G € T,. Hence 77(T19,T6 UT,uUT,UT, Ule) =0.

h. For s> 7,2° is a factor of a"(G,4)+19 for G e T2,23 is not a factor of
a (G,4)+19 for GeT,, and2® is a factor of @ (G,4)+19 but 2% is not

for GeT,UT, . Hence U(TZ,T99T7 ule)=0 :
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1. For s>7,24is a factor of &' (G,4)+11 for GeT, but is not a factor of
a'(G,4)+11 for GeT,,. Hence n(T,,T,)=0.

j. Fors>7,2%is a factor of & (G,4)+34 for Ge T, UT, UT,; but 2* is not
factor of a'(G,4)+34 for GeT,UT, UT,UT, UT,, UT,UT, UT,. Hence
(T, UT,UT; UT; UT, UT,; T, UT,, UT,, UT,, UT,, ) =0.

k. Fors>7,2°is a factor of « (G,4)+18 for (GeT3,2“) is not a factor of
a'(G,4)+18 for G €T,, and 2*is a factor of & (G,4)+18 but 2°is not for
GeT,. Hence n(T,,T,,T;)=0.

l.  Fors>7,2* is a factor of s>7,2* for a"(G,4)+28 for GeT,,UT, but 2°
is not a factor of & (G,4)+28 for Ge T, UT, UT,, UT,, UT, UT,,. Hence
7(T T, T,UT, UT,; UT, UT UT,, ) =0.

m. For s27,2* is not factor of a'(G,4)+12 for GeT,, but it is a factor of
a' (G,4)+12 for G e T,,. Hence n(T,,T,)=0.

n. Fors>7,2* is a factor of a'(G,4)+24 for GeT,,,2’ is not a factor of

17>

a'(G,4)+24 for GeT,UT, UT, and 2* is a factor of a (G,4)+24 but

182

2*is not for GeT,; UT,,. Hence n(T,;,T;uT, UT,,T;UT,)=0.

0. For s27,2° is a factor of a'(G,4)+22 for GeT,,2" is not a factor of

a'(G,4)+22 for G eT;, and 2*is a factor of a (G,4) +22 but 2° is not for
GeT,. Hence 1(Ts,T,;,Tys)=0

p  For s27,2° is a factor of a'(G,4) for GeT,, but 2°is not a factor of
a' (G,4) for GeT,, Hence 7(T,;,T,)=0.

By (a) to (p), Claim 1 holds.

The remaining work is to compare every two graphs in each 7, except 7', since it
contains only one graph. Since this comparison process is standard, long and rather
repetitive, we shall not discuss all here. In the following we only show the detail
comparisons of every two graphs in 7, for i = 1, 2 and 3. The reader may refer to [6]
for complete comparisons.

1. T

i

1.1. When p=¢,G,, =G, ,.
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1.2. When p>q from Table 1 [7], we can easily see that a'(G,,,4)-a'(G,,.4)<0.
2. T

2

2.1. When p=4q,G,;2G,,G,;=2G,, and
a'(G,;4)-a' (G, 4)
=(277 =327 -19)—(3-277 =271 -19)
=23 4277 =0,
a'(G,54)-a (G, 4)
=(27?-3-2"7-19)—(3-27 =32 -19)

=27,

Thus, we have

a (G7’5,4) =a (G7,6,4) <a (G7’3,4).

Since Ol"(G7,5,4)=Ot“(G7,6,4), we need to calculate Ot(Gm,S)—a(GM,S). By
using Lemma 2.6, we have

a(G,5.5)-a(G,,.5)
=[a(G s +ab.5)+a (G —{a.b}.4)a(C ~{a.b,c}.4) |-
[a(Gm+a1'b1',5)+a(G7’6—{a{b{},4)+a(G7’6—{a;,b{,c;}Aﬂ
= (G, —{a.b.c},4)-a(G, ~{a.b,q}.4)
since G5 +ab =G, +aby, and G5 —{a,.b} =G, ~{ab|
= (G5 —{a,b.c }4)=a (G —{a,b,6 }4).
Since G,s—{a,b,c}eB(p=-2,g-1,5-2,6) and
G,o—{abc|eB(p-1g-2,5-2,6),
by Lemma 2.5, we have
a(G,;.5)-a(G,.5)

= a'(G7,5 _{a1ablvcl}’4)_ai(G7v6 _{a;’b{’cli}"‘)
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(s=2)(2 +277-2)+3(2 7 +27° -2)42(27 420 ~2)

1
(277 + 20 2)+{12(s8)+ 29+(S;SJH
[

)
(s=2)(27 274 —2)+2(27" +2° -2)+

(2P4+2q5—2)+{12(S_8)+29+[S;8]H

=2 2(s—2)+8-2(s-2)—~16 |+ 27°[ 2* (s =2)+18-2(7) ]
=243 (since p=q).

Thus, we have
a(G,:.5)> a(G,,.5).
(2.2) When p > ¢
a'(G,5.4)>a (G, 4.4)
= (2”’2 -3.207° —19)_(3.21173 pYS _19)
=27 4217 <0,
o (Gy5.4) - (G,5.4)
- (3.2p-3 ! —19)_(3.2p—3 _3.9073 _19)
=217 <,
o (6.14) - (6,1.9)
= (3277 27" ~19)~ (2" - 5272 ~19)
=27 4297 <0,
o' (G,;,4)-a' (G, ,.4)
=277 4217 <0,
a'(G,;.4)-a'(G,,.4)
= (21,,1 _§.p0°3 —19)_(4.21:73 _ 400 _19)

=217 <0,
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a (G7’3,4)—a" (G7,7,4)
= (3277 =327 -19) (27" =5-27)
=27 4207

=0, p=q+1
<0,if p2q+2.

Therefore, if p > q + 2, we have

a (G775,4) <a (G776,4) <a (G773,4) <a (G7,7,4) <a (G774’4);

And if p=¢g+1, we have
a (G7’5,4) <a

"

(G7’6,4) <a (G7’3,4) =a (G7’7,4) <a"(G7’4,4) )
Since au(G7,3,4)—a"(G7,7,4)=0 for the case p=qg+1 we need to find
a(Gm,S)—a(G”,S). Since Lemma 2.6 cannot be used to determine

a(Gm,S)—a(Gm,S), we shall use direct counting. We first need the following
definitions.

For a graph G and x € V(G), let N, (x) or simply N(x) denote the set of vertices y
such that xy e £ (G) . Since s <g—1<p—1, there exist x€ 4 and y e B such that
N (x) =B and N, (y) = A . Thus, for any 5-independent partition {4,,4,,4,,4,,4_},

there are at least two 4, and 4, with 4, < 4 and A; < B. This means that G has only
four types of 5-independent partition. We call G has partition of type & for £=0,1,2,3,

if there are exactly k4.5 with 4, € Q(G) . For our purpose, we only need to consider
the case for k=1,2 and 3. Recalled that for G,H € K*(p,q),a(G,5)=a(H,5) iff
a (G,5)=a (H,5).

Let a; (Gm’ 5) and @, (G%7 , 5) denote the number of 5-independent partition of type i,
where 1< <3, Observe that for G,Hex " (p,q).a(G,5)=a(H,5)iff
a (G,5)=a (H,5). By direct counting, we obtained the following :

i (G55)-a(G;,.5)

7,7
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-2 ) G
252 || s
[0t oG )2
()t )+ (56 o)z o 5 )2

=217 377,

i. & (G5.5)-a(G;5.5)
= [4(2%“ +297 -2)+(25-5)(2" —2)]—
(2724277 =2)+4(22 427 =2) +2(277 42 - 2) +
(s=1)(272 + 2 =2)+ (s -4) (2 +27* -2) |

=-34.297 46,

ii. (G;5.5)-a5(G,5.5)

:{7(S;9J+51(s—9)+107}—{7(S;8J+42(s—8)+65}

=2 -18.

Thus, we have

a(Gm,S)—a(G 5)

7,7

= ((G10:5)(6:1.3)) {4 (G125) -4 (G:))
(2(G5.5)-24 (G, .5))
_ (224—5 303 ) + (_34 475 6) + (2s —18)

=225 _34.205 307 4 2512 %0,
3.7

3

3.1. When p= q.Gr52G,4G;,0=2G,,Gy 1, 2G; 3G, 266Gy 2G5 and
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a' (G5 4)-a'(G,y.4)=0 2)
&' (G, 5,4)-a (G, p.4)
=(3-2"7-3-27-18) (27" -2 -18)
=2/ >0,
a' (G, 4) ' (G, 3.4)
=(27* -2 —18)—(3-27* —277 ~18)

MEYENETS ©)
= 0 N

a' (G, p.4)-a' (G, 4)
= (27 =277 —18)—(5-27* =32 ~18)
=277 4272 =0.

Thus we have

&' (G p.4)=a (G, .4)=a (G, ,,,4) <& (G,5.4) =0 (G .4).

Hence, we need to compare @(G,,5) with @(G,,5) and for each pair of
a(G,,,5), where 12 <i < 14 By using Lemma 2.6, we have
a(G,4.5)-a (G, ,0,5)
=[@(Gyy +um,5)+a (G —{u,v},4)+ (G —{u,m,m }4) |-
[a(G7’10+u2v2,5)+a(G7’10 ~{u,,v,}.4)+ (G, —{uz,vz,w2},4)]
z[a(Gm—{ul,vl},4)+a(G7’8—{ul,vl,wl},4)]—
[

a(GHO —{uz,vz},4)+oc(G7,10 —{uz,vz,wz},4)}

since G, +uyv, =G, +u,b,
- [a(Gm _{”1V1 } ’4)_ a(GUO _{u2’v2 } ’4)} *

[0{ (G7,s —{ul,vl,wl},4)—0£ (GUO _{MZ’VZ’WZ}’4)]
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:[oz"(G%8 —{ul,vl},4)—a" (G7,1o —{uz,vz},4)]+
[O‘“(ng —{ul,vl,wl},4)—a" (G7,1o —{uz,vz,wz},4)}.
Since
G,s—{u,v}eB(p-1,g-1,5-2,5),
G —{uz,vz} eB(p—l,q—l,s—Z,S),
G

78_{”‘1:"19""1} EB(p—2,q—1,s—3,4),

Gmo—{uz,vz,wz} eB(p—Z,q—l,S_3’4)’ and

by Lemma 2.9, we have
a (G —{u.v},4)—a (G, —{u,.v,}.4)
=a' (G —{u.m}.4)—a (G —{uy.v,}.4)
=[2(277 =207 )10 | 227 <202 1) |

=1,

and
0{(G7,8 —{ul,vl,wl},4)—a(G7,10 —{uz,vz,wz},4)
=a (G7,8 _{”1"’1’“’1}’4)_0‘" (Gmo _{“z"’z,Wz}»“)
— [2(2(17—2)73 _ a3 _ 6)} _[2(2(;:—2)73 _ole1)3 ) _1 1}

=5.

Thus, we have

a(G,4.5)-a(G,,,5)=6>0. )
Similarly, by Lemma 2.6, we have

o (G7,12a5)_ o (G7,1395)

= [a(Gm +a,b, 5)+a (G, ~{ab ) 4)+a(G,, ~{ayby.c, ) ,4)] -

[ (G + @ity 5) 4 a(Grpy —{aibi},4) + @ (G {ar by et} 4) |
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= (G, —{ay,by,¢,},4)~a( G,y — {1,556, ), 4)
Since G, , +ab, =G, , +4,b,,G, , —{a,,b,} = G, ~{a), b,
=& (G ~{a3,by0, 1, 4) = (G —{ @bl 03}, 4).
Since  G,,, ~{a,,b,,¢,} €B(p-2,g-1,5-2,6) and
G, 5 —{a)by.c,} €B(p—1,9—2,5-2,6),
by Lemma 2.5, we have
(G, ~{ay.by.0.},4)—a( G,y ~{a.b).¢,,4)
= (G, —{ay,by,0,},4)~a (G s —{ @, Bic3 ) 4)

- [(s— 2)(27* +20 —2)+4(20 0 4200 —2)+ (27 20 - 2)+

(2420 —2)+{12(s—8)+30+[S;8JH_

[(s ~2)(277 4207 —2) 4 4(277 20 —2) 4 (207 4207 -2)+

(2"'5+2‘f“‘—2)+{12(S_8)+30+(S;8JH

=20[-4(s-2)-13]+2"*[2(s=2)+11], (since p=gq)
=9.29% 5.

Similarly, by Lemma 2.6, we have

a(G7,13’5)_0‘(G7,14a5)
- [a(G7’13 * a3b3’5) +a(G7,13 —{a3,b3},4)+ a(Gma —{a3,b3,c3} ’4)}_
[@(Gui+aibl,5)+ (G~ {0} 4) + a(Gry—farnbiei ] 4)

= a(G%13 —{a3,b3,c3},4)—a(G7,14 —{a;,b;,c;} ,4)
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since Gy 3 +a3 b, =Gy, + a;b;, and Gris— {03,b3} =Gy {a;’b;}
=a'(G, —{a3,b3,c3},4)—a'(G7,14 —{a;,b;,c;},4).
Since G, —{aybyc;} €B(p—2.,-1,5-2,6) and
G4 —{a;,b;,c;} eB(p-1,9-2,5-2,6),
by Lemma 2.5 we have
o (Gm —{a,b, ¢}, 4) -a (G7’14 — {a;,bg, c } , 4)
= 05'(G7,13 —{a3’b3,c3},4)—a'(G7,14 —{a;,b;,c;},4)

=[(s=2)(27* +2 =2)+3(27 +273-2) +2(27* 4274 -2) |+

(270420 —2)+{12(S—8)+30+}]_(S;8j

[(s —2)(2°70 427 - 2)+3(27 427 - 2) 4 2(27 4270 - 2)+

(2P-5+2"-4—2)+{12(S_8)+30+(S;SJH

=27°[-4(s—2)-15]+2°[2(5-2)+10] (since p = ¢)
=5.29°>0.
3.2 When p>g from Equation (3), we have
a' (G, 4)-a (G5 4)=-2""+277 <0,
a' (G5 4)-a (G, 4)

=(3-27*-272 —18)—(5-2"* =327 —18)

=277 4207 <,
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a (G7J4’4) —-a (G7’8,4)

=(5-2P-4—3-2q-3 —18)—(3-2”‘3 —3-2q-3—18)
=-2r" <,

From Equation (2), we have
a'(G,34)-a' (G, 4)=0,
a'(G,s4)-a'(G, 5 4)
=(3-2"" 32" -18) (27" —9-2¢* ~13)
=23 43.27 <,
a' (G5 4)-a' (G, 4)
=(271-9-27" ~18)—(4-2"" —4.27 —18)
=-2r?-21" <,
a' (G, 4)-a' (G, 4)=0,
a' (G, 4)-a'(G,y6.4)
=(4-277 4.2 —18)—(5-2"" ~11.27* ~18)
=-2"7+3.27" <0,
a (G7’16’4)—a"(G7’]7,4)
=(5-27°—11-20* -18)—(6-2"" —13-27* ~18)

= 2773 4207 <.

Therefore,

o (Gm,4) <a' (Gm,4) <a' (Gm,4) <d'(Gy.4)=a' (Gm, 4)<

a'(Gy5.4)<a’(G,y.4)=a'(G,,,.4) <’ (G, .4) < ' (G y004).
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Since @' (G7,8,4) =a (G7,10’ 4) and o' (G7,9,4) =a (G7711,4), we need to calculate
o (G7,g, 5) —o (G“o, 5) and (J!(GZ9 ,5) - 6!(G7,11 , 5). Hence,by Equation (4), we

have a(Gm,S) - a(Gmo:S) =6>0. By using Lemma 2.6, we have

a(Gy,.5)- (m)

[ G, tuyvy,5 (G7,9 —{u3v3},4)+a(G7’9 —{u3,v3,w3} ,4)}—

1

cx(Ga11 +u4v4,5)+a(G7)” —{u4»v4} ,4)+(:¢(G7’11 —{u4”v4)w4} ,4)}
=[a(G7’9—{u3’v3},4)+a( u3 Vs, w3 4 }

[a(Gw —{u4,V4}>4)+“(G7 1 {”4 Va W4} 4)}

since G o +u,v, = Gy, +1t, v,
=[a(Gyy~fu.}.4) - (G~ fu, v} 4) |+
a(Gro—{us,vy,wi},4) = (Gyyy =g, vi,w, 1, 4) |+
=[a'(G7,9 —{u;,v,},4)-a (G, —{u4,v4},4)]+

[a' (G7,9 _{”3=V3:W3}’4)_0"(G7,11 —{u4,v4,w4},4)]

1

Since Gm—{u3,v3}eB(p—l,q—l,s—Z,S) and
G, —{u4,v4} eB(p—l,q—Z,s—2,5),
by Lemmas 2.5, 2.7 and 2.8, we have
05(G7,9 —{uz,,v3},4)—oz(G7’ll —{u4,v4},4)

=a'(G7,9 —{143,1/3},4)—0/(G7,11 —{u4,v4},4)
= [(S—Z)(Z”_3 +297° —2)+5(21"4 40473 _2)+3(2p—4 _2q—4)+
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B

3(20 -27)+ {(S ; 3] - 26H

=1.

Similarly, since
Gy _{”3’V3’W3} EB(p—l,q—Z,s—3,4)and
G _{u4,V4,W4}EB(p—l,q—Z,s—3,4),

by Lemma 2.5, 2.7 and 2.8, we have

a(Gw _{”3"’3,“’3}’4)_0‘((;7,11 —{u4,v4,w4},4)

= aI(G7,9 _{“3’V3’W3}a4)_al (G7,11 —{u4,v4,w4},4)
=[(s=3)(27 27 —2)+ (27 427 —2) 4 2(27 27 ) +

{[S”J H s=3)(277 #2070 —2)+4(27 " 420 - 2)

1)

=35.

Thus we have O!(G7’9,5)—05(G7’”,5) =6>0.

For the remaining working every two graphs in 7, to T’
This completes the proof of Theorem 3.1. ;

5, » the reader may refer to [6].
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